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Abstract
We introduce a new class of uniformly R-subweakly commuting mappings and then using this class
study the problem of approximation of common fixed points of asymptotically S-nonexpansive mappings
in a Banach space with uniformly Gâteaux differentiable norm.
© 2006 Elsevier Inc. All rights reserved.
Keywords: Uniformly R-subweakly commuting mappings; Asymptotically S-nonexpansive mappings; Strong
convergence; Banach space; Gâteaux differentiable norm
1. Introduction
Let C be a nonempty subset of a normed space X and let S, T be self-mappings of C. Then
T is said to be a nonexpansive if ‖T x − Ty‖  ‖x − y‖ for all x, y ∈ C; S-nonexpansive
if ‖T x − Ty‖  ‖Sx − Sy‖ for all x, y ∈ C; asymptotically S-nonexpansive if there exists
a sequence {kn} of real numbers with kn  1 and limn→∞ kn = 1 such that ‖T nx − T ny‖ 
kn‖Sx − Sy‖ for all x, y ∈ C and n = 1,2,3, . . . .
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mapping. Given x0 ∈ C and t ∈ (0,1), then for a nonexpansive mapping T , we can define the
contraction Gt :C → C by
Gtx = tT x + (1 − t)x0, x ∈ C.
By the Banach contraction principle, Gt has a unique fixed point xt in C, i.e., we have
xt = tT xt + (1 − t)x0.
The strong convergence of path {xt } as t → 1 for a nonexpansive mapping T on a bounded C
was proved in Hilbert space independently by Browder [2] and Halpern [9] in 1967 and in a
uniformly smooth Banach space by Reich [14]. Later, it was studied in various papers (see [11,
21,22]).
The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [6]
and further studied by various authors (see [1,7,10,13,15,17,18,20–22]). Schu [16] has consid-
ered the strong convergence of almost fixed points xn = μnT nxn of an asymptotically nonexpan-
sive mapping T in a smooth and reflexive Banach space having a weakly sequentially continuous
duality mapping.
Recently, Cho, Sahu and Jung [5] have proved strong convergence of almost fixed points
xn = μnT nxn + (1 − μn)u to the fixed point of an asymptotically pseudocontractive mapping T
using property (S).
On the other hand, Shahzad [19] introduced a class of noncommuting mappings called
R-subweakly commuting mappings and applied it to S-nonexpansive mappings in normed
spaces.
Here arises a natural question: Can the result of Cho, Sahu and Jung [5] be extended to as-
ymptotically S-nonexpansive mappings?
In this paper, our purpose is to give an affirmative answer to the above question by introducing
a new class of noncommuting mappings as uniformly R-subweakly commuting mappings and
using property (S). Our result extends the results of Cho, Sahu and Jung [5], Lim and Xu [10],
Schu [15,16] to asymptotically S-nonexpansive mappings under this new concept.
2. Preliminaries
Let C be a nonempty subset of a normed space X and S,T be self-mappings of C. Then T is
said to be
(1) an S-contraction if there exists k ∈ (0,1) such that ‖T x − Ty‖  k‖Sx − Sy‖ for all
x, y ∈ C;
(2) a uniformly asymptotically regular on C if, for each η > 0, there exists N(η) = N such that
‖T nx − T n+1x‖ < η for all ηN and all x ∈ C.
Let D be a subset of C. Then the mappings S and T are said to be
(3) commuting on D if ST x = T Sx for all x ∈ D;
(4) R-weakly commuting [12] on D if there exists a real number R > 0 such that
‖T Sx − ST x‖R‖T x − Sx‖ for all x ∈ D.
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is commuting and R-weakly commuting. However, the pair is not commuting and R-weakly
commuting on the entire space.
Example 2.1. Let X = C = [0,1] and S,T :X → X defined as Sx = (√5 − 4(2x − 1)2 − 1)/4,
T x = 13 fractional part of (1 − x) if x is rational and T x = 0 if x is irrational. Then S and T
are not commuting on X as well as not R-weakly commuting on X, but they are commuting and
R-weakly commuting on D = {0, 14 ,1} ⊂ X.
The set of fixed points of a mapping T is denoted by F(T ). Let u ∈ C. The set C is called
u-starshaped if [x,u] := tx + (1 − t)u ∈ C for all x ∈ C and all t with 0 t  1. Note that C is
convex if C is u-starshaped for every u ∈ C.
Definition 2.2. (See [19].) Let X be a normed space and C be a nonempty subset of X. Let
S,T :C → C be mappings such that C is u-starshaped with u ∈ F(S). Then S and T are said to
be R-subweakly commuting on D ⊆ C if there exists a real number R > 0 such that
‖T Sx − ST x‖Rd(Sx, [T x,u]) for all x ∈ D,
where d(y,A) = inf{‖y − z‖: z ∈ A} for A ⊂ C and y ∈ C.
With this fact we establish the following lemma, where D = C \ {u} and u is fixed point of S.
Lemma 2.3. Let X be a Banach space and C a nonempty closed subset of X. Let S,T :C → C
be mappings, u ∈ F(S) and T (C \ {u}) ⊂ S(C) \ {u}. Suppose that T is an S-contraction and
continuous. If S and T are R-weakly commuting on C \ {u}, then F(T ) ∩ F(S) is singleton.
Proof. Let x0 ∈ C \ {u}. Since T (C \ {u}) ⊂ S(C)\ {u}, we can define a sequence {xn} in C \ {u}
by Sxn = T xn−1 for n 1. Then
‖Sxn+1 − Sxn‖ = ‖T xn − T xn−1‖ k‖Sxn − Sxn−1‖
for some k ∈ (0,1). This implies that {Sxn} is a Cauchy sequence in C \ {u} and so {T xn} is
also Cauchy in C \ {u}. Thus, T xn → y. Consequently, Sxn → y. Since T is continuous, then
T T xn → Ty and T Sxn → Ty. Further, from R-weakly commutativity of S and T , we have
‖ST xn − Ty‖ ‖ST xn − T Sxn‖ + ‖T Sxn − Ty‖
R‖T xn − Sxn‖ + ‖T Sxn − Ty‖.
Taking the limit as n → ∞ the above inequality yields ST xn → Ty. Now we show that y = Ty.
Since T is an S-contraction, we have
‖T xn − T T xn‖ k‖Sxn − ST xn‖.
Taking the limit as n → ∞ yields
‖y − Ty‖ k‖y − Ty‖.
Hence Ty = y. Suppose y 
= u. Then since S and T are R-weakly commuting on C \ {u}, it
follows that
0 = ‖ST u − T Su‖R‖Su − T u‖ = 0,
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such that y = Sz. Now we show that Sz = T z. Since T is an S-contraction, we have
‖T z − T xn‖ k‖Sz − Sxn‖.
Taking the limit as n → ∞ yields
‖T z − Sz‖ k‖Sz − Sz‖,
which implies that T z = Sz. Since S and T are R-weakly commuting on C \ {u}, there exists
R > 0 such that ‖T Sz − ST z‖ R‖Sz − T z‖, which implies that T Sz = ST z. Thus, we have
y = Ty = T Sz = ST z = Sy. The uniqueness follows from the contraction condition. 





: C is nonempty bounded convex subset of X with diamC > 0
}
,
where rC(C) = infx∈C{supy∈C ‖x − y‖} is the Chebyshev radius of C relative to itself and
diam(C) = supx,y∈C ‖x − y‖ is diameter of C. The space X is said to have the uniformly normal
structure if N(X) > 1.
A Banach limit LIM is a bounded linear functional on ∞ such that
lim inf
n→∞ tn  LIM tn  lim supn→∞
tn and LIM tn = LIM tn+1
for all bounded sequences {tn} in ∞. Let {xn} be a bounded sequence in X. Then we can define
the real-valued continuous convex function f on X by f (z) = LIM‖xn − z‖2 for all z ∈ X.
The following lemmas are well known.
Lemma 2.4. (See [8].) Let X be a Banach space with uniformly Gâteaux differentiable norm and
u ∈ X. Let {xn} be a bounded sequence in X. Then
f (u) = inf
z∈Xf (z)
if and only if
LIM
〈
z, J (xn − u)
〉= 0
for all z ∈ X, where J :X → X∗ is the normalized duality mapping and 〈· , ·〉 denotes the gener-
alized duality pairing.
Lemma 2.5. (See [3].) Let C be a convex subset of a smooth Banach space, D be a nonempty
subset of C and P be a retraction from C onto D. Then P is sunny and nonexpansive if and only
if 〈
x − Px,J (z − Px)〉 0 for all x ∈ C,z ∈ D.
We extend the property (S) defined in Cho, Sahu and Jung [5] for a pair of mappings as below:
Definition 2.6. Let C be a nonempty closed subset of a Banach space X; S,T :C → C be two
mappings and M = {x ∈ C: f (x) = minz∈C f (z)}. Then T and S are said to satisfy property (S)
if the following holds:
for any bounded sequence {xn} in C, limn→∞ ‖xn − T xn‖ = 0 implies M ∩ F(T ) ∩
F(S) 
= ∅.
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We now introduce a new class of noncommuting mappings as uniformly R-subweakly com-
muting mappings.
Definition 3.1. Let X be a normed space and C be a nonempty subset of X. Let S,T :C → C
be mappings such that C is u-starshaped with u ∈ F(S). Then S and T are said to be uniformly
R-subweakly commuting on C \ {u} if there exists a real number R > 0 such that∥∥T nSx − ST nx∥∥Rd(Sx, [T nx,u])
for all x ∈ C \ {u} and n ∈ N.
It is clear from Definition 3.1 that uniformly R-subweakly commuting mappings on C \ {u}
are R-subweakly commuting on C \ {u}, but R-subweakly commuting mappings on C \ {u} need
not be uniformly R-subweakly commuting on C \ {u}. To see, this we consider the following
example.
Example 3.2. Let X = R with norm ‖x‖ = |x|, C = [1,∞) and let S and T be self-mappings
on C defined by
T x = 2x − 1, Sx = x2.
Then S and T are R-subweakly commuting on C \ {u}. In fact,
‖T Sx − ST x‖Rd(Sx, [T x,u]) for all x ∈ C \ {u},
where R = 12 and u = 1 is the fixed point of S. But S and T are not uniformly R-subweakly
commuting on C \ {u} because if we take n = 2, x > 1 then∥∥T 2Sx − ST 2x∥∥> Rd(Sx, [T 2x,u]) with R = 12 and u = 1 ∈ F(S).
First, we shall prove a lemma which will play a crucial role in the sequel.
Lemma 3.3. Let C be a closed subset of a Banach space X and let S and T be self-mappings of C
such that S(C) = C and T (C \ {u}) ⊂ S(C) \ {u}. Suppose that T is continuous asymptotically
S-nonexpansive with sequence {kn}, S is linear, u ∈ F(S), C is u-starshaped and S and T are
uniformly R-subweakly commuting on C \ {u}. For each n 1, define a mapping Tn on C by
Tnx = μnT nx + (1 − μn)u, x ∈ C,
where μn = λn/kn and {λn} is a sequence of real numbers in (0,1) such that limn→∞ λn = 1.
Then for each n 1, Tn and S have exactly one common fixed point xn in C such that
xn = μnT nxn + (1 − μn)u. (3.1)
Proof. For all x, y ∈ C, we have
‖Tnx − Tny‖ = μn
∥∥T nx − T ny∥∥ λn‖Sx − Sy‖.
Also, Tn is a self-mapping of C such that Tn(C \ {u}) ⊂ S(C) \ {u} for each n. From the
uniformly R-subweakly commutativity of S and T on C \ {u} and linearity of S, it follows that
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∥∥μnT nSx + (1 − μn)u − S(μnT nx + (1 − μn)u)∥∥
= μn








∥∥μnT nx + (1 − μn)u − Sx∥∥
Rμn‖Tnx − Sx‖ for all x ∈ C \ {u}.
Thus Tn and S are μnR-weakly commuting. Lemma 2.3 implies that F(Tn) ∩ F(S) = {xn} for
each n. 
Now we prove the existence of common fixed point for uniformly R-subweakly commuting
mappings.
Theorem 3.4. Let C be a nonempty closed subset of a Banach space X and let S and T be
continuous self-mappings of C such that S(C) = C and T (C \ {u}) ⊂ S(C) \ {u}. Suppose T is
uniformly asymptotically regular, asymptotically S-nonexpansive, S is linear and u ∈ F(S). If
C is u-starshaped, T (C \ {u}) is compact and S and T are uniformly R-subweakly commuting
mappings on C \ {u}, then S and T have a common fixed point in C.
Proof. From Lemma 3.3, for each n 1, there exists exactly one point in C such that
Sxn = xn = μnT nxn + (1 − μn)u.
Also ∥∥xn − T nxn∥∥= (1 − μn)∥∥T nxn − u∥∥.
Since T (C \ {u}) is bounded, ‖xn − T nxn‖ → 0 as n → ∞.
Now
‖xn − T xn‖
∥∥xn − T nxn∥∥+ ∥∥T nxn − T n+1xn∥∥+ ∥∥T n+1xn − T xn∥∥

∥∥xn − T nxn∥∥+ ∥∥T nxn − T n+1xn∥∥+ k1∥∥ST nxn − Sxn∥∥. (3.2)
Since S is continuous, linear and T is uniformly asymptotically regular, we have
‖xn − T xn‖
∥∥xn − T nxn∥∥+ ∥∥T nxn − T n+1xn∥∥
+ k1
∥∥S(T nxn − xn)∥∥→ 0 as n → ∞.
Thus T xn − xn → 0 as n → ∞.
Since T (C \ {u}) is compact and C is closed, there exists a subsequence {xni } of {xn} such
that xni → x0 ∈ C as i → ∞. By the continuity of T , we have T x0 = x0. Since T (C \ {u}) ⊂
S(C) \ {u}, it follows that x0 = T x0 = Sy for some y ∈ C. Moreover,
‖T xni − Ty‖ k1‖Sxni − Sy‖ = k1‖xni − x0‖.
Taking the limit as i → ∞, we get T x0 = Ty. Thus, x0 = T x0 = Ty = Sy. Since S and T are
uniformly R-subweakly commuting on C \ {u}, it follows that
‖T x0 − Sx0‖ = ‖T Sy − STy‖R‖Ty − Sy‖ = 0.
Hence, we have T x0 = Sx0 = x0. 
As a direct consequence of Theorem 3.4, we have the following corollary which is a result of
Shahzad [19].
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commuting mappings on C such that S(C) = C and T (C) ⊂ S(C). Suppose T is continuous,
S-nonexpansive, S is linear and u ∈ F(S). If C is u-starshaped and T (C) is compact, then S
and T have a common fixed point in C.
Now, we shall obtain the approximation of fixed points of asymptotically S-nonexpansive
mappings which are uniformly R-subweakly commuting.
Theorem 3.6. Let C be a nonempty closed convex subset of a reflexive Banach space X with
uniformly Gâteaux differentiable norm. Let S,T :C → C be continuous mappings such that
S(C) = C and T (C \ {u}) ⊂ S(C) \ {u}. Suppose that T is uniformly asymptotically regular and
asymptotically S-nonexpansive with a sequence {kn}. Let {λn} be a sequence of real numbers in
(0,1) such that limn→∞ λn = 1 and limn→∞(kn − 1)/(kn − λn) = 0. If S is linear, u ∈ F(S)
and S and T are uniformly R-subweakly commuting on C \ {u}. Then we have the following:
(a) For each n 1, there is exactly one xn in C such that
Sxn = xn = μnT nxn + (1 − μn)u. (3.3)
(b) If {xn} is bounded and S and T satisfy property (S), then {xn} converges strongly to Pu ∈
F(T ) ∩ F(S), where P is the sunny nonexpansive retraction from C onto F(T ).
Proof. Part (a) follows from Lemma 3.3, so it remains to prove part (b). Since {xn} is bounded,
we can define a function f :C →R+ by
f (z) = LIM‖xn − z‖2
for all z ∈ C. Since f is continuous and convex, f (z) → ∞ as ‖z‖ → ∞ and X is reflexive,
f attains its infimum over C. Let z0 ∈ C such that f (z0) = minz∈C f (z) and let
M =
{




Then M is nonempty because z0 ∈ M . Since {xn} is bounded and S and T satisfy the prop-
erty (S), it follows that M ∩ F(T ) ∩ F(S) 
= ∅. Suppose that v ∈ M ∩ F(T ) ∩ F(S). Then by
Lemma 2.4, we have
LIM
〈
x − v,J (xn − v)
〉
 0 for all x ∈ C.
In particular, we have
LIM
〈
u − v,J (xn − v)
〉
 0. (3.4)
On the other hand, from Eq. (3.3), we have
xn − T nxn = (1 − μn)
(
u − T nxn
)= 1 − μn
μn
(u − xn). (3.5)
Now, for any v ∈ F(T ) ∩ F(S), we have
〈
xn − T nxn, J (xn − v)
〉= 〈xn − v + T nv − T nxn, J (xn − v)〉
−(kn − 1)‖xn − v‖2
−(kn − 1)K2
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〈
xn − u,J (xn − v)
〉
 kn − 1





xn − u,J (xn − v)
〉
 0. (3.6)
Combining (3.4) and (3.6), we have
LIM
〈
xn − v,J (xn − v)
〉= LIM‖xn − v‖2 = 0.
Therefore there is a subsequence {xni } of {xn} which converges strongly to v. Suppose
there is another subsequence {xnk } of {xn} which converges strongly to y (say). Since
limn→∞ ‖xn − T xn‖ = 0 and T is continuous, then y is a fixed point of T . It follows from (3.6)
that 〈
v − u,J (v − y)〉 0 and 〈y − u,J (y − v)〉 0.
Adding these two inequalities yields〈
v − y,J (v − y)〉= ‖v − y‖2  0
and thus v = y. This proves the strong convergence of {xn} to v ∈ F(T ) ∩ F(S). Now we can
define a mapping P from C onto F(T ) by limn→∞ xn = Pu. From (3.6), we have〈
u − Pu,J (v − Pu)〉 0
for all u ∈ C and v ∈ F(T ). Therefore, P is the sunny nonexpansive retraction on C by
Lemma 2.5.
Since xn = Sxn and limn→∞ xn = Pu, then, by continuity of S,Pu ∈ F(S). 
Remark 3.7. Theorem 3.6 extends the results of Cho, Sahu and Jung [5], Lim and Xu [10] and
Schu [16] to more general classes of mappings.
Corollary 3.8. Let C be a nonempty closed convex subset of a reflexive Banach space X with uni-
formly Gâteaux differentiable norm. Let T :C → C be continuous mapping which is uniformly
asymptotically regular and asymptotically nonexpansive with a sequence {kn}. Let {λn} be a se-
quence of real numbers in (0,1) such that limn→∞ λn = 1 and limn→∞(kn − 1)/(kn − λn) = 0.
Then we have the following:
(a) For u ∈ C and each n 1, there is exactly one xn in C such that
xn = μnT nxn + (1 − μn)u.
(b) If {xn} is bounded and T satisfies the property (S) then {xn} converges strongly to Pu, where
P is sunny nonexpansive retraction from C onto F(T ).
Corollary 3.9. Let C be a nonempty closed convex subset of a reflexive Banach space X with
uniformly Gâteaux differentiable norm; S,T :C → C be continuous R-subweakly commuting
mappings such that S(C) = C and T (C) ⊂ S(C). Suppose that T is S-nonexpansive, S is linear,
u ∈ F(S) and {λn} is a sequence of real numbers in (0,1) such that limn→∞ λn = 1. Then we
have the following:
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Sxn = xn = λnT xn + (1 − λn)u.
(b) If {xn} is bounded and S and T satisfy the property (S) then {xn} converges strongly to
Pu ∈ F(T ) ∩ F(S), where P is the sunny nonexpansive retraction from C onto F(T ).
Proof. To prove part (a), we define a mapping Tn on C by
Tnx = λnT x + (1 − λn)u, x ∈ C.
Then following the lines of Lemma 4.1, we get the result.
Part (b). Since
‖xn − T xn‖ = (1 − λn)‖u − T xn‖ = (1 − λn) sup
n∈N
(‖u − T xn‖)→ 0
as n → ∞, the result follows from Theorem 3.6. 
Remark 3.10. Corollary 3.9 extends the result of Schu [15] to S-nonexpansive mappings.
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